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It is known that if du is a finite positive Borel measure on the unit «
¢4 :={zeC:|z| =1} with g'>0 ae. in [0, 27 ], then
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uniformly in /20, where {@,(z)}7 , is the set of orthonormal polynomials with
respect to du. Recently, Nevai proved that if (x) hoids uniformly in />0, then ' >0
a.e. in {0, 2r]. In this note we establish another characterization of such measures
in terms of Turan-type inequalities and we utilize it tc give an alternative proof of
Nevai’s result. € 1990 Academic Press, Inc.

Let du be a finite positive Borel measure on the unit circle 44 =
{zeC:|z| =1} with its support an infinite set. Let ¢,{z) =g, {du, z} =
K,2"+ - e, k,>0, n=0,1,2, .., be the nth orthonormal polynomial
with respect to du; that is,

5ol onD O du=5, mon=0.1,2,
Rahmanov proved (cf. [9, p. 1067])

TBEOREM A, If u'>0 ae. in [0, 271, then
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uniformly for |z| = L.
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In [5] (see also [8]), Maté et al. gave a much simpler proof of
Theorem A. In doing so, they established (cf. [5, Theorem 3, p. 64])

THEOREM B. If u'>0 ae. in [0, 2rn], then

a2r
lim

n—xc v(Q

lou) | o
Pl 1|dh=0, z=e", 2
l(pn+l(z)|2 l ¢ ( )

uniformly in [=0.

On the one hand, Theorem A follows from Theorem B (cf. [5,
Theorem 2, p. 64]). On the other hand, as noted in [5, Remark (a), p. 64],
Theorem B follows from Theorem A except for the uniformity in /. In fact,
recently Nevai (cf. [7, Theorem 1.1, p. 295]) proved that (2) implies p' >0
a.e. in [0,2n]. In this paper we establish another characterization of
measures with positive derivative and we use it to give an alternative proof
of the above mentioned result of Nevai.

In [4], the following inequality of Turan played an essential role.

TaeoreM C (cf. [6, Corollary 7.5, p.258]). If u'>0 ae. in [0,27],
then for every é € (0, 2n] there is an & >0 such that

ulglqonlzdu% (3)

holds for every n=0 and every Borel set Ec A with Lebesgue measure
|E| = 0.

We are concerned with the following question: Is ' >0 a.e. in [0, 27]
necessary for (3)? To answer this question, we prove the following refine-
ment of Theorem C which characterizes measures with positive derivative
in terms of Turdn-type inequalities.

THEOREM 1. Ler du be a finite positive Borel measure on ¢4 with infinite
support. Then p' >0 ae. in [0,2r] if and only if for every 6 (0, 2n] and
p (0, 1), there exists an integer N(0, p) such that

) \oal>duz=ps, >N, p), (4)

Jor all Borel sets E < dA4 with |E) = 6.

Proof. Let us first assume that u'>0 ae. in [0,2n]. Then by [6,
Theorem 7.4, p. 2571,

lim | 10,/ du=E
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uniformly for all Borel sets E < 4. Thus, given 3e€{0,2n7 and p ¢
we can find an integer N(d, p) such that
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[ o2 du-1E]<=ppa =N,
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uniformly for all Borel sets E < éA. Hence, when # = N{$, g},

Qo

[ 10,12 duz 1Bl — (1= p)3 > 0

for ali Borel sets E = éA with |El = 8, which establishes {4}.
Now assume that (4) holds. From the Lebesgue decomposition {cf. [0,
p. 211}

du=y di +dy,,
where du; | d6. Assume that du, is concentrated on a Borei set 4. Then

|4] =0.

Given £>0, take d =27 and pe(0, 1) such that 27— pé=2a{i —p) <.
Then, for n = N(2x, p), we get from (4) with E= 4°¢

l Iwnlhdu—l lq)nl dptﬂ ‘q>nézciu<2ﬂ—95<8.

Note that

~'o @IZdﬂa—l ol dus=| 1. du,

and so
2%

| a2 du, <e,

when n>= N(2x, p). Hence,

i 27 .
lim | |, |*>dy,=0. {5
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Now set

B:={0e[0,2z]: u'(8)=0)}.
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If |B| =: 6, >0, then for n > N(d,, 1), we have from (4)

a2

$00<| louPdu=| o du.<| "ol du,

which contradicts (5). Therefore [B| =0, ie., ' >0 ae. in [0, 27x]. |
Now we state and prove Nevai’s result (cf. [7, Theorem 1.1, p. 295]).

THEOREM 2. Let du be a finite positive Borel measure on ¢4 with infinite
support. Then ' >0 a.e. in [0, 2n] if and only if (2) holds uniformly in 1= 0.

In the proof of Theorem 2 we make use of the following lemma in [6,
Lemma 4.2, p. 2487. It is a consequence of [2, Theorem 5.2.2, p. 1987 (also
see [1, formula (1.20), p. 7]).

LEmMMa 3. For any fe C(64),
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Proof of Theorem 2. In view of Theorem B, we only need show that (2)
implies y’' >0 a.e. in [0, 2n]. To do so, it suffices, from Theorem 1 to show
that (2) implies (4).

Assume that (2) holds. Let (0, 2n] and pe(0, 1) be given. We will
proceed in three steps.

Step I. We first show that (4) holds uniformly for every set E which is
a finite union of open intervals.
Assume that

E:U (OC,-, ﬂl)CaA, (-1[, ﬁi)m(aj’ ﬂj)=®’ l#.]s (6)

and |E] = 0.
It is easy to seec that there exists an f,,eC(é4) and E,:=
U7 (a4, Bi) < E such that

1e(2)V<fe (2)<yelz), zedd

(where y denotes the characteristic function of the set K< C), and

|E\| =p'? |EL.
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By (2}, we can find an integer M(9d, p) such thai, for n 2 M{4. ),

27 o z |2 l pml o n,!: I
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uniformly in />0 and E is of the form given in {6).

521! f I(Pniz d9> |‘27:f" de_( 1:2 )3
b JeeT, =] fe,d— (0" =)
0 L o
2‘)1.2 I‘I.Jfﬁﬂfﬂ;;p :% d9=5|E!

uniformly in />0 and E of the form given in (6} with |Ej>J. From
Lemma 3, by letting / - o«c, we get

| oo lod?duzp Bl n> MG p)

Hence,

uniformly for E of the form given in (6) with |El > d

Step IF. Next we show that (4) holds uniformly for every open subset
E of ¢4 with |E| = 6.
We can write such an open set as

E= E)} (2, B (@ B)n(a,. B)=0, i)
and
|E| = Ez B,—
Let m be so large that
Z (Bi—a)=p"*

i=1
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Then, when n > M(p'/?3, p*?), where M(-, -) is given by Step I, we have

n [@.)? du=p2-p'25=po

YUz (e 8

j‘EI<pnI2du>

uniformly for any open set E < é4 with [E| = 4.
Step III. We complete the proof by showing that E can be any Borel
set with |E| = 6.

For such a set E we can find, by the outer-regularity of measure |@,|> du,
an open set ¢, > E such that

p~1? Jﬁglwnlzdqup l@,|? dy.

Cnk

Therefore, by Step II and the inequality |C, ;| > J, we have

[ o2 duzp" [ |2 duzp"?-p?5 = ps,
! Yoo

when n> M(p'65, p'*). 1

Finally, we remark that in [3], Lubinsky gave an explicit expression of
a pure jump distribution (i.e., a discrete measure) dv on ¢4 such that (cf.
[3, formula (2.22), p. 523])

2.3
> ieor<c(=)

J
j=2-3"141 ! /

! large enough, where &;(z):=(1/k;)¢;(z) and C>0 is a constant inde-
pendent of /. Consequently,

lim [@,(0)] =0,

which is equivalent to (1) (cf, e.g., [S, formula (7), p. 66]). Summarizing
these remarks, we can state

PROPOSITION 4. There exists a finite positive Borel measure that is a pure
Jjump distribution but for which (1) holds.

REFERENCES

1. G. FreUD, “Orthogonal Polynomials,” Pergmon Press, New York, 1971.
2. Ya. L. GEROMINGS, “Orthogonal Polynomials,” Pergmon. New York, 1960.



A

. X. Li, E. B. SAFF, AND Z. SHA, Behavior of best L, polynomial approximants on the 1

. P. NEevai, Weakly convergent sequences of functions and orthogonal polvnomi

NEVAI'S CHARACTERIZATION OF MEASURES i§

. D. S, Lusinsky, Jump distributions on [ —1, 1 whose orthogonal t,c‘njy"r()rriak have
leading coefficients with given asymptotic behavxor Proc. dmer. Math. Sec. 104 {1988
516-524.

interval and on the unit circle. J. Approx. Theory, to appear.

. A. MATE, P. NEval, anp V. Totik, Asymptotics for the ratio of leading coefficients of

orthonormal polynomials on the unit circle, Constr. Approx. 1 {1983}, §3-69.

. A, MATE, P. NEval, anp V. ToTIK, Strong and weak convergence of crthogonal poiyno-

mials, Amer. J. Math. 109 (1987), 239-282.

. P. Neval, Characterization of measures associated with orthogonal polynomials on the

unit circle, Rocky Mountain J. Math. 19 (1989), 293-302.

J. Approx. Theory 65 (1991), in press.

. E. A. RanMaxov, On the asymptotics of the ratic of orthogonal polynomials, i1, Mara

L'SSR-Sb. 46 (1983), 105-117.

. W. Rupiy, “Real and Complex Analysis,” 3rd ed., McGraw-Hill, New York, 1985



