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It is known that if dfl is a finite posttlve Borel measure orr the unit CIrcle

Cfl := {.?EC : Izl = 1} with fl' > °a.e. in [0, 2IT], then

uniformly in I ~ 0, where {rpn(z)};::~ 0 is the set of orthonormal polynomials witl:
respect to dfl. Recently, l'evai proved that if (*) holds uniformly in !~ 0, then ,v.' > 0
a.e. in [0, 2rr]. In this note we establish another characterization of such measures
in terms of Tunin-type inequalities and we utilize it to give an alternative proof of
Nevai's result. oj'; t990 Academic Press, Inco

Let d,u be a finite posItlve Borel measure on the unit circle eLl :=
{zEC:lzi=1} with its support an infinite set. Let CfJn(z)=qJn(dfJ.,z):=
KnZ

n + ... E 9", K n > 0, n = 0, 1, 2, ... , be the nth orthonormal polynomial
with respect to d/1; that is,

1
1
" (-(-. -

2n.'A qJm z)qJn z) ctf.1.=om""
c~

Rahmanov proved (cf. [9, p. 106J)

Th'EOREM A. If /1' > °a.e. in [0, 2n], then

In, n = 0, 1, 2, ....

uniformiy for Izi ~ 1.
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In [5] (see also [8]), Mate et al. gave a much simpler proof of
Theorem A. In doing so, they established (cf. [5, Theorem 3, p. 64])

THEOREM B. If fl' >°a.e. in [0, 2n:], then

(2)

uniformly in I?: 0.

On the one hand, Theorem A follows from Theorem B (cf. [5,
Theorem 2, p. 64]). On the other hand, as noted in [5, Remark (a), p. 64],
Theorem B follows from Theorem A except for the uniformity in I. In fact,
recently Nevai (cf. [7, Theorem 1.1, p. 295]) proved that (2) implies /1' > °
a.e. in [0, 2n:]. In this paper we establish another characterization of
measures with positive derivative and we use it to give an alternative proof
of the above mentioned result of Nevai.

In [4], the following inequality of Turan played an essential role.

THEOREM C (cf. [6, Corollary 7.5, p. 258]). If /1' > °a.e. in [0, 2n:],
then for every bE (0, 2n:] there is an s >°such that

(3 )

holds for every n?:°and every Borel set E c eLf with Lebesgue measure
lEI?: b.

We are concerned with the following question: Is fl' > °a.e. in [0,2n:]
necessary for (3)? To answer this question, we prove the following refine­
ment of Theorem C which characterizes measures with positive derivative
in terms of Turan-type inequalities.

THEOREM 1. Let dfl be a finite positive Borel measure on eLf with infinite
support. Then fl' > °a.e. in [0, 2n:] if and only if for every bE (0, 2n:] and
p E (0, 1), there exists an integer N(b, p) such that

(4)n ?: N( b, p ),t ICfJnl
2

dfl?: pb,

for all Borel sets E c eLf with lEI?: b.

Proof Let us first assume that fl' > °a.e. III [0,2n:]. Then by [6,
Theorem 7.4, p.257J,

lim r ICfJ,,1 2 d/1 = lEI
n----+:::.:c "'E
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uniformly for all Borel sets E ceLl. Thus, given 8 E (0, In J and p E (0, 1).
we can find an integer N(b, p) such that

uniformly for all Borel sets E c cLl. Hence, when n? N(b, p),

r icp,,1 2dp?IEI-(l-p)b?pb
..1£

for all Borel sets E c eLI with IE! ? (j, which establishes (4).
Now assume that (4) holds. From the Lebesgue decomposition (d. [10,

p.21])

where dll s 1- de. Assume that dps is concentrated on a Borel set A. Then

!A! =0.

Given [; > 0, take (j = 2n and P E (0, 1) such that 2n - pb = 2n(l- p) < e.
Then, for n ? N(2n, p), we get from (4) with E =A C

~ ~2rr ~

I 14I,,1 2dp= I Icp,,1 2 d;t-1 !q>i2df1~2rr-p()<E.
'A '0 "A'

Note that

.2" •I !cp,,!2dPs=i 1<'o,fd]1s=j' !<,O"i"dfl,
• 0 • A '.4

and so

when n? N(2n, p). Hence,

.• 21<

1· I I 12 a" 01m; cp" i f1 s = .
n- x ..'0

Now set

B:= {eE [0, 2nJ: ,u'(e)=O}.

(5)
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If IBI =: 00 >0, then for n~N(1)o, !), we have from (4)

I" .~ .. 2n

!1>0:(1 JcpllI2dJ1=J' !CPllI2dJ1s:(J !CPllI2dJ1"
-B B 0

which contradicts (5). Therefore IBI =0, i.e., J1'>O a.e. in [0,2n]. I
Now we state and prove Nevai's result (cf. [7, Theorem 1.1, p.295]).

THEOREM 2. Let dJ-l be a finite positive Borel measure on eLl with infinite
support. Then J1' > °a.e. in [0, 2n] if and only if (2) holds uniformly in I~ 0.

In the proof of Theorem 2 we make use of the following lemma in [6,
Lemma 4.2, p. 248]. It is a consequence of [2, Theorem 5.2.2, p. 198] (also
see [1, formula (1.20), p. 7]).

LEMMA 3. For an}' fE qoA),

Proof of Theorem 2. In view of Theorem B, we only need show that (2)
implies J1' > °a.e. in [0, 2n]. To do so, it suffices, from Theorem 1 to show
that (2) implies (4).

Assume that (2) holds. Let 1> E (0, 2n] and p E (0, 1) be given. We will
proceed in three steps.

Step 1. We first show that (4) holds uniformly for every set E which is
a finite union of open intervals.

Assume that

m

E= U (ai' PJ ceLl,
;=1

i i= j, (6)

and lEI ~1>.

It is easy to see that there exists an fE,p E q eLl) and E 1 :=
U7'~ 1 (ex;, P;) c E such that

(where XK denotes the characteristic function of the set K c C), and
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By (2), we can find an integer M(8, p) such that, for n~ AI(8. p),

195

I
11 de

uniformly in I ~ 0 and E is of the form given in (6). Thus, for n ~ M( 6, p),

uniformly in I ~ 0 and E of the form given In (6) with !Ei ~ (5, From
Lemma 3, by letting 1---+ ex, we get

Hence,

('27C

.1
0

fE,p j<Pn!2 dj,l ~ P !Ei, n ~ AI(6, pl.

,'" r 2 r.

I l<Pnl 2
dJ.l ~ I fE,P l<Pnl 2

dp ~ piE!,
.. E ~o

n ~ M(b, p),

uniformly for E of the form given in (6) with lEI ~ b.

5rep II. Next we show that (4) holds uniformly for every open subset
E of cA with lEI ~ 8.

Vv'e can write such an open set as

i i= j,
i=l

and

x:

!EI = L (Pi - ':x"i) ~ 8.
i= 1

Let m be so large that

m

L (Pi-C1.J~pL26 .
i= 1
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Then, when n ~ M(pI /26, pI/2), where M(·, .) is given by Step I, we have

uniformly for any open set E c aLI with lEI ~ b.

Step III. We complete the proof by showing that E can be any Borel
set with lEI ~ b.

For such a set E we can find, by the outer-regularity of measure I<p,,1 2 dfl,
an open set 0". E -::J E such that

Therefore, by Step II and the inequality le",£1 ~ 6, we have

when n ~ M(pl/4b, pli4). I

Finally, we remark that in [3], Lubinsky gave an explicit expression of
a pure jump distribution (i.e., a discrete measure) dv on eLI such that (cf.
[3, formula (2.22), p. 523])

j=22~1+llcPj(OW:;;CCO~/}

I large enough, where cPj(z):= (l/K)<pj(z) and C>O is a constant inde­
pendent of I. Consequently,

lim IcPn(O)1 = 0,
n_x·

which is equivalent to (1) (cf., e.g., [5, formula (7), p. 66]). Summarizing
these remarks, we can state

PROPOSITION 4. There exists a finite positive Borel measure that is a pure
jump distribution but for lllhich (1) holds.

REFERENCES

1. G. FREl:D, "Orthogonal Polynomials," Pergmon Press, New York, 1971.
2. YA. L. GEROMI"Il:S, "Orthogonal Polynomials," Pergmon. New York, 1960.



~EVAI'S CHARACTERIZATIO"! Of MEASL'RES 107
1-'/'

3. D. S. LFBI';SKY, Jump distributions on [-1, 1J whose orthogonal polynomials ha"e
leading coefficients with given asymptotic behavior, Proc. Amer. ;Umh. Soc. 104 (1988 i.
516--524.

4. X. Ll, E. B. SAFF, A"D Z. SHA, Behavior of best L p polynomial approximants on the tlid
interval and on the unit circle, J. Approx. Theory, to appear.

5. A. M..\Tt, P. NEVAI, AND V. TOTlK, Asymptotics for the ratio of leading coefficients of
orthonormal polynomials on the unit circle, Constr. Approx. 1 (1985), 63-69.

6. A. MATE, P. NEVAl, AKD V. TOTIK, Strong and weak convergence of orthogonal polyno­
mials, Amer. J. ,Hath. 109 (1987), 239-282.

7. P. NEVA!' Characterization of measures associated with orthogonal polynomials on f~,e

unit circle, Rocky AIounrain J. Math. 19 (1989), 293-302.
8. P. NEVA!, Weakly convergent sequences of functions and orthogoIlal polynorr.iais,

J Approx. Theory 65 (1991), in press.
9. E. A. RAHMA"OV, On the asymptotics of the ratio of orthogonal polynomials, II, ,Hatr/.

C'SSR-Sb. 46 (1983),105-117.
10. W. Rem", "Real and Complex Analysis," 3rd ed., McGraw-Hill, New York, 1986.


